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Abstract
We present a complete description of atomic storage states which
may appear in the electromagnetically induced transparency (EIT).
We include the spatial coherence in the atomic collective operators
and the atomic storage states, and show the atomic storage states
are Dicke states with the maximum cooperation number. In some
limits, a set of multimode atomic storage states has been established
in correspondence with multimode Fock states of electromagnetic field.
This gives better understanding of that, in EIT, the optical coherent
information can be preserved and recovered.
PACS numbers: 42.50.Gy, 03.67.-a
1 introduction
In the interaction between optical eld and atoms, a photon can be absorbed
by atom and, then, the excited atom re-emits a photon by spontaneous or
stimulated emissions. In this process the atom stores the energy of the eld
and releases it back to the eld. Recently, the theoretical and experimental
studies have shown that both quantum state and coherent information of eld
can be stored in atomic medium [1]-[6]. A very recent experiment witnesses
∗Mailing address
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that a signal pulse of light is stored in the ultracold collective atoms for up
to a millisecond [1].
The basic scheme for storage of light information is carried out by the
electromagnetically induced transparency (EIT) [7],[8]. N three-level atoms
with one upper level jai and two lower levels jbi and jci interact resonantly
with both the signal and the control beams. The weak signal beam and
the strong control beam drive the atomic transitions jai − jbi and jai − jci,
respectively. The early investigations have shown that EIT permits the prop-
agation of the signal light through an otherwise opaque atomic medium and
the light group velocity of the signal pulse is greatly reduced [9]-[11]. In the
recent experiment [1], when the control beam turns o, the signal pulse is
stopped and stored in atomic medium. This eect can be well understood
by the dark states which are the eigenstates of EIT interaction Hamiltonian.
The dark states are combination states of the photon state and the atomic
storage state. The bosonic quasiparticles in the dark state are called polari-
tons. When the strength of the control eld is changed adiabatically, both
quantum state and coherent information transfer between the signal eld and
the collective atoms [3],[4]. A very recent theoretical study has shown that
adiabatically changing of the control eld is not necessary, and even a fast
switching of the control eld can be used in storage and retrieval of quantum
information. [12]
In the early theoretical work,[13] Dicke has studied rstly coherence and
cooperation eects in atomic ensemble. He dened collective atomic oper-
ators as sum of all individual atomic operators, retaining the properties of
angular momentum. The Dicke states are the eigenstates of the angular
momentum operators. In Dicke’s paper, he considered two cases: the gas
volumes have dimensions smaller and larger than the radiation wavelength.
For the latter case, the spatial coherence has been included into collective
atomic operators.
In this paper, we present a complete description of atomic storage state.
Similarly as the second case of Dicke’s work, we include spatial coherence into
the collective atomic lower and upper operators. But we emphasize that, in
some limits, they behave as multimode bosonic operators. Aside from the way
of the original denition of Dicke states, we introduce atomic storage states
with explicit expressions by containing spatial coherence of radiation eld,
and indicate they are Dicke states with the maximum cooperation number.
The signicant fact is that, under the low excitation limit, a set of multimode
atomic storage states is established in correspondence with multimode Fock
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states of electromagnetic eld. This gives a better understanding of that in
EIT interaction both quantum and coherent information of electromagnetic
eld can be preserved in atomic medium.
2 atomic collective operators with the bosonic
commutation
We consider N ultracold collective atoms which are approximately still at
their positions. At very low temperature close to the critical temperature for
Bose-Einstein condensation,[1] the average kinetic energy of atoms is greatly
reduced. On the other hand, at low temperature, atoms are dense within
a wavelength of optical eld. The free path of atom is much less than the
wavelength, it hence connes the scope of atomic motion. What the "still
atoms" mean that, in the characteristic time of the system, the scale of
motion for the centre-of-mass of atoms is much less than the wavelength of
the optical eld involved. The two levels of atoms jbi and jci interact with
some optical eld of wavevector k. We assume that N is a large number
and the most population of the atoms are in the level jbi throughout system








It is not necessary that jbi is the ground state, for instance, in the case of
EIT the level jci can be lower or equal to jbi. For the sake of convenience,
we call jbi the "ground" state and jci the "excited" state.
In the interaction between eld and atomic medium, the spatial coherence
of the eld aects only the local atoms. In the approximation of "still atoms",
the j-th atom located at position zj suers a local eld strength with a phase
exp(ikzj). For this reason, we dene the lower and the upper operators of














where k is the wavevector of the optical eld interacting with the transition
jbi − jci. We notice that this kind of collective atomic operators containing
spatial coherence was rstly introduced by Dicke.[13] In the EIT case, a
Raman transition occurs between jbi and jci, k should be replaced by ks−kc
where ks and kc are respectively the wavevectors of the signal eld and the
control eld. It may also be applied to a two-photon cascade transition so
long as k is replaced by k1 + k2.
The commutation relations for these atomic operators are written as




k0] = 0, (3)
[σk, σ
y
k0 ] = (1/N)
N∑
j=1
(jbjihbjj − jcjihcjj) exp[−i(k − k0)zj ]. (4)






(jbjihbj j − jcjihcjj). (5)
If N is a very large number and the most atoms are populated in the level jbi







exp[−i(k − k0)zj]. (6)
Assume that the atoms are in a string and the average interval of the adjacent







exp[ik(j − 1)d] = 1− exp[ikNd]




where L = Nd is the length of the atomic medium. However, this result













In the case of that the length of the atomic medium is much larger than the







1 (k = 0),
0 (kL >> 1).
(9)
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By applying the above result to Eq. (6), one obtains the bosonic commuta-
tion relation for the collective atomic operators
[σk, σ
y
k0 ] ’ δkk0, (10)
where we should assume (k−k0)L >> 1, or, equivalently, λ−λ0 >> λ2/(2piL).
For the parameters used in the experiment [1], L = 339µm and λ = 589.6nm,
so that λ2/(2piL)  0.163nm, Eq. (10) is a good approximation for distin-
guishable modes. We will see in the next section that the atomic collective
operators behave the same as the creation and annihilation operators of elec-
tromagnetic eld.
3 single-mode atomic storage states
The state that all the atoms are in the ground level is as a "vacuum" state,
symbolized in Ref. [3] as
jC0i  jb1b2    bNi. (11)






















0jb1    ci1    cin    bNi exp[ik(zi1 +   + zin)]
where
∑0
fing designates that, in the summation, any two of indices cannot
be equal, because of (jcjihbjj)2jbji = 0. We note that some states in the
summation of Eq. (12), for which the sequence in the index set fing is
exchanged, are same and should put together. For example, (i1 = 1, i2 =
2, i3,    , in) and (i1 = 2, i2 = 1, i3,    , in) display the same state. For an
ensemble fing of n elements, there are n! permutations which form the same































= N(N −1)    (N −n+1)/n!




N(N − 1)    (N − n+ 1) (15)
∑
fing
00jb1    ci1    cin    bN i exp[ik(zi1 +   + zin)].
Obviously, the atomic storage states with dierent number of excitations are
orthogonal each other
hCnk jCmk i = δnm. (16)
In this denition, the superposition state of N collective atoms includes any
possible combination of n atoms being in the level jci, while the corresponding
spatial coherence is recorded in the phase of the wavefunction. Physically,
it means that n photons can be stored by any combination of excited n
atoms with an equal possibility, in correspondence with the nonlocality for
photons. However, the coherent information of the eld has been contained
in the probability amplitudes. Note that, the atomic storage state with a
denite wavevector k is independent of position z which disappears in the
summation.














n+ 1jCn+1k i. (18)










n + 1jCn+1k i. (20)
The annihilation operator is applied to the "vacuum"state
σkjC0i = 0. (21)










Equations (18) and (22) give immediately
σykσkjCnk i = (1−
n− 1
N
)njCnk i ’ njCnk i, (23)
σkσ
y
kjCnk i = (1−
n
N
)(n+ 1)jCnk i ’ (n + 1)jCnk i. (24)
The approximations in Eqs. (22) and (3) are valid in the limit N >> n.
Equation (3) veries again the bosonic commutation in this limit. On the





n] ’ n(σyk)n−1, (25)




The atomic storage states are also the eigenstates of the population operators
N∑
j=1
(jbjihbj jCnq i = (N − n)jCnq i, (27)
N∑
j=1
(jcjihcjjCnq i = njCnq i. (28)
(see appendix A)
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According to Dicke’s denition ( Eq. (47) in Ref. [13] ), the total angular
momentum operators of atomic ensemble can be described as
Rk1 = (
p
N/2)(σyk + σk), (29)
Rk2 = (−i
p
N/2)(σyk − σk), (30)
R3 = (N/2)(σ
y
kσk − σkσyk), (31)




















N + 1)jCnq i. (34)
Therefore, the atomic storage state dened in Eq. (15) is the right Dicke
state with the maximum cooperation number r = N/2. The discussion in
this section exploits a new feature of Dicke state. The Dicke states with the
maximum cooperation number play the role of number states in front of the
collective lower and upper atomic operators.
4 multimode atomic storage states
For the multimode case, it concerns how the information of the multimode
photons is distributed in the local atomic excitations jcji. To see it, we rstly
consider a simple case | the multimode single-excitation atomic storage
state, that is, each mode contains only one excitation. We apply the multi-
mode creation operators to the "vacuum" state




jci1ihbi1j exp(ik1zi1)   
N∑
in=1






0jb1    ci1    cin    bN i exp[i(k1zi1 +   + knzin)].
This equation is apparently dierent of Eq. (12) by the phase factors. In-
deed, the exchanges of the indices in the summation contribute to a same
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atomic state, but, with dierent phase distributions. For example, (i1 =
1, i2 = 2, i3,    , in) and (i1 = 2, i2 = 1, i3,    , in) display the same state
jc1c2b3    ci3    cin    bN i , but with the phase factors exp[i(k1z1 + k2z2 +
k3zi3 +   + knzin)] and exp[i(k1z2 + k2z1 + k3zi3 +   + knzin)], respectively.
Mathematically, for a given atomic collective state jb1    ci1    cin    bNi, it
allocates n! phase factors due to n! permutations for n elements. This means
that an atom in the level jcji, located at position zj , records the information
of all the modes. Because eld is global, each atom in medium experiences
the eld circumstance of all the modes, and, vice versa, the eld of each mode
aects to all the excited atoms.
To simplify the sign, we designate
fkng  fzingl  (k1zi1 +   + knzin)l, (36)
where fzingl stands for the l-th sequence of all the n! permutations for n
elements. Accordingly, Eq. (35) can be written as












fing has been dened in Eq. (14). In comparison with the single
mode case, shown in Eq. (13), n-excitation in Eq. (37) shares the phases of
n modes. We dene a multimode single-excitation atomic storage state as
jC1k1   C1kni 
1√








which has been normalized, as shown in Appendix B. In combination of Eqs.
(37) and (38), we obtain
σyk1   σyknjC0i =
√
N(N − 1)    (N − n+ 1)
Nn
jC1k1   C1kni ’ jC1k1   C1kni.
(39)
Now, we discuss the general case of multimode atomic storage state. For
s modes containing total n excitations, it can be generated by
(σyk1)
















ms jb1b2    bN i
where m1 +   +ms = n. By dening an index set as
fing  (i1,    , im1 , im1+1,    , im2 ,    , in−ms+1,    , in), (41)
Eq. (40) can be written as
(σyk1)






0jb1    ci1    cin    bN i
 exp[ik1(zi1 +   + zim1 ) +   + iks(zin−ms+1 +   + zin)].
Similarly as in the previous cases, any particular atomic collective state
jb1    cj1    cjn    bN i is related to n! terms in the summation throughout
all indices. But, among these n! terms, the phase factor of each term will
repeatedly appear m1!   ms! times because exchanges of indices within a
mode cause no dierence. In result, the remain non-repeated phase factors
are n!/(m1!   ms!) terms. We designate again
fk(ms)s gfzingl 
(




as one of these combinations with index l. Equation (42) is written as
(σyk1)
m1    (σyks)ms jC0i (44)
=




00jb1    ci1    cin    bNi
n!/(m1!ms!)∑
l=1
exp[ifk(ms)s g  fzingl].
A general multimode atomic storage state is dened as
jCm1k1   Cmsks i (45)

√
m1!   ms!
N(N − 1)    (N − n+ 1)
∑
fing
00jb1    ci1    cin    bN i
n!/(m1!ms!)∑
l=1
exp[ifk(ms)s g  fzingl],
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which has been normalized (see Appendix B). Finally, Eq. (44) becomes
(σyk1)
m1    (σyks)msjC0i (46)
=
√
N(N − 1)    (N − n+ 1)
Nn
√
m1!   ms!jCm1k1   Cmsks i
’
√
m1!   ms!jCm1k1   Cmsks i,
where the approximation is valid in the limit N >> n. In this limit, the
creation of an excitation of mode l for a multimode storage state is written
as
σykljCm1k1   Cmlkl   Cmsks i ’
p
ml + 1jCm1k1   Cml+1kl   Cmsks i. (47)
Similarly as in the single mode case, by considering the bosonic commutation
(10) and Eq. (46), the annihilation of an excitation of mode l is written as
σkl jCm1k1   Cmlkl   Cmsks i ’
p
mljCm1k1   Cml−1kl   Cmsks i. (48)
Equations (17), (39) and (46) imply that the state jC0i dened in Eq. (11)
represents a vacuum state not only for single mode but also for multimode.
Physically, it shows that the ultracold collective atoms are able to store a
multimode eld. In correspondence, we may derive
σyk2 jCm1k1 i ’ jCk2Cm1k1 i. (49)
jCm1k1 i can be understood as either a single mode state or a multimode state
with the vacuum for those modes other than mode k1.
In the above theoretical description, we have shown that the atomic stor-
age states are duplicate of Fock states of electromagnetic eld. The explicit
expressions of atomic storage states Eqs. (15) and (45) display duality of par-
ticle and coherence. The excitations may appear everywhere with an equal
probability in medium in correspondence with the nonlocality for photons.
However, each excitation takes the local phase factors of single or multimode
elds as the quantum probability amplitude recording the coherence. Con-
sequently, it may establish the correspondence of two quantum system, the
eld and the atomic ensemble. This provides the basis for a complete storage
of quantum information of bosonic eld in atomic medium.
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5 dark states in EIT
In the EIT conguration, the weak signal eld interacting resonantly with
the atomic transition jai − jbi is described by the eld operator




a(q) exp[iqz] exp[i(ksz − ωst)] + h.c.,
where E0 is the eld amplitude per photon and ωs = cks. c is the light speed
in vacuum. The strong control eld driving resonantly the atomic transition




exp[i(kcz − ωct)] + c.c., (51)
where ℘ac is the dipole moment of the transition jai − jci and ωc = ckc. In














a(q)jajihbj j exp[i(ks + q)zj ] + Ωjajihcjj exp[ikczj ] + h.c.
}
,
where ωq = cq is the detuning of mode q with respect to the resonant fre-












jajihcjj exp[i(kc + q)zj ], (54)











a(q)ρab(q) + ΩNρac(0) + h.c.
}
. (55)
The new quantum eld operator dened in Ref. [3] is written as
ψq = cos θaq − sin θσq, (56)
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where
cos θ = Ω/
√




Ω2 + g2N. (57)
The transition jbi − jci concerns both the absorption of a signal photon and
the emission of a driving photon. Replacing k by (ks + q) − kc in Eq. (2),






jbjihcjj exp[−i(ks + q − kc)zj ]. (58)
In correspondence, k should be also replaced by ks + q − kc in the atomic









q0 ] ’ δqq0. (59)
It has been shown in Eq. (57), that the parameter θ is related to the strength
of the control eld. In the strong and weak limits of the control eld, ψq tends
to aq and σq, respectively.






where j0i is the vacuum state of the signal eld. The lowest dark state is
designated as jD0i  j0ijC0i. The quasi-particle in the dark state is called
polariton [3].






n(n− 1)    (n−m+ 1)
m!
√
N(N − 1)    (N −m+ 1)
Nm





n(n− 1)    (n−m+ 1)
m!
√






The dark states described above are orthogonal each other since they have
dierent quasiparticles number, but not normalized. Under the condition
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n(n− 1)    (n−m+ 1)
m!










The above expression of the dark state satises the normalized orthogonal
relation
hDnq jDmq i = δnm. (63)
In Eq. (62), it shows that when the parameter θ is taken as 0 and pi/2, the
summation in the dark states reduces to only the rst and the last term
jDnq i = jnijC0i for θ = 0, (64)
jDnq i = (−1)nj0ijCnq i for θ = pi/2, (65)
respectively. Therefore, by varying θ adiabatically, the photon state and the
corresponding atomic storage state can be transmitted each other.





n+1j0ijC0i = pn + 1jDn+1q i. (66)
It is easy to check
ψqjD0i = 0. (67)
As the same for the operator σq, with the help of the bosonic commutation




Moreover, the multimode dark state can be generated by
jDn1q1   Dnsqs i =
1p
n1!   ns! (ψ
y
q1)
n1    (ψyqs)nsj0ijC0i. (69)
They can be treated just like the multimode photon number states.
In Appendix C, we have proven that, at the exact resonance, both the
exact expression (61) and the approximate expression (62) of the dark states
are the eigenstates of the interaction Hamiltonian (55) with a null eigenvalue.
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A pulse of monochromic light has a narrow bandwidth, and the detuning ωq
from the carrier frequency ωs is small. If we omit the rst term in Hamilto-
nian (55), the multimode dark states consisting the pulse are the eigenstates
of the interaction Hamiltonian.
Assume that, at the initial time, a signal pulse is at a multimode state∑
fqsg
α(q1,    , qs)jn1   nsi, (70)
while the cold collective atoms are in the ground state jC0i. The combined
system of the signal eld and the atoms is in the state
jΨ(0)i = ∑
fqsg
α(q1,    , qs)jn1   nsijC0i =
∑
fqsg
α(q1,    , qs)jDn1q1   Dnsqs iθ=0.
(71)
When the control eld is enough strong, the signal pulse can maintain and
transmit through the medium. Note that jΨ(0)i is also the eigenstates of the
interaction Hamiltonian with a null eigenvalue. If the control eld is changed
adiabatically to a very small level at a later time t1, the state of the system








(−1)n1++nsα(q1,    , qs)j0ijCn1q1   Cnsqs i.
It forms an associate state for jΨ(0)i. The whole quantum information of the
signal pulse has been stored in the atomic medium, in the form of a "negative
copy", in which each excitation changes a pi-phase. As soon as the control
eld regains to the previous level, the state (71) is recovered. Conversely,
if Eq. (72) is an initial state generated in other model, by turning on the
control eld, it will be converted to the corresponding optical eld to be seen.
6 conclusion
In conclusion, we dene collective atomic operators and atomic storage states
by containing spatial coherence and illustrate the conditions under which the
multimode collective atomic lower and upper operators are boson-like ones.
We indicate the fact that the atomic storage states shown by denition (15)
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are the Dicke states with the maximum cooperation number. What the new
feature for these Dicke states is that, in the low excitation limit for a large
number of atoms, they behave as the Fock states of electromagnetic eld. The
complete description and the deductive explicit expressions for the atomic
storage states present better physical understanding why the atomic ensemble
can record full quantum information, both excitation and coherence, for an
optical eld. In this connection, a complete transfer of quantum state in EIT
can be established between two quantum systems: radiation eld and atomic
ensemble.
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appendix A










N    (N − n+ 1)A1 (73)
∑
fing
00jb1    ci1    cin    bN i exp[ik(zi1 +   + zin)].
When the operator
∑N
l=1 jblihclj applies to a particular state jb1    ci1    cin    bN i,
it produces a superposition of n states in which jciki is sequentially replaced






N(N −1)    (N −n+1)/(n−1)! states, in which n−1 atoms are populated
in the level jci. It is in fact N − n + 1 times jCn−1q i. For example, a par-
ticular state in jCn−1q i, say, jc1    cn−1bn    bNi, comes fromN−(n−1) states,
jc1    cn−1cnbn+1    bN i, jc1    cn−1bncn+1    bN i, ..., jc1    cn−1bnbn+1    cNi,
















N    (N − n + 1)(N − n+ 1)
































00jb1    ci1    cin    bN i
 exp[ik(zi1 +   + zin)](1− δli1)    (1− δlin).
Because all the indices of ik are not equal each other, one has
(1−δli1)    (1−δlin) = 1−(δli1+  +δlin)+(δli1δli2+  )−   = 1−(δli1+  +δlin).A4
(76)
Substituting Eq. (76) into Eq. (75), one obtains
N∑
l=1
(jblihbljCnq i = (N − n)jCnq i.A5 (77)























00jb1    ci1    cin    bNi exp[ik(zi1 +   + zin)](δli1 +   + δlin)
= njCnq i.
appendix B
In this appendix, we calculate the normalized coecient of the multimode
storage states. A multimode single-excitation state is dened as
jC1k1   C1kni  α
∑
fing
00jb1    ci1    cin    bN i
n!∑
l=1
exp[ifkng  fzingl].B1 (79)













exp[ifkng  (fzingl − fzingj)].





N(N − 1)    (N − n+ 1)
n!
= N(N − 1)    (N − n+ 1).B3 (81)
In the multimode case, one must nd a mode with kj 6= 0. By using Eq. (9),
the summation
∑ 00




N(N − 1)    (N − n+ 1)
.B4 (82)
Similarly, for a general multimode storage state dened by Eq. (45), the
probability nding a single state is∣∣∣∣∣∣
n!/(m1!ms!)∑
l=1








exp[ifk(ms)s g  (fzingl − fzingj)]
=
n!
m1!   ms! +
n!/(m1!ms!)∑
l 6=j
exp[ifk(ms)s g  (fzingl − fzingj)].




m1!   ms!B6 (84)
=
n!
m1!   ms!
N(N − 1)    (N − n+ 1)
n!
=
N(N − 1)    (N − n+ 1)
m1!   ms! .
With the same reason, the summation to the second term vanishes. The
normalized coecient is therefore
α =
√
m1!   ms!
N(N − 1)    (N − n+ 1) .B7 (85)
appendix C
We dene a new collective atomic state in which n atoms are in the level jci
whereas one atom is in the level jai
jA1q, Cnq i 
√
n!





00jb1   al    ci1    cin    bN i
 exp[i(ks + q − kc)(zi1 +   + zin)] exp[i(ks + q)zl], C1 (86)
where
∑
l 6=fing designates the summation for index l which cannot be taken
as i1,    in. We have already indicated that, the state jCnq i is a superposition
of N(N −1)    (N−n+1)/n! possible states jb1    ci1    cin    bNi in which
n atoms are in the level jci whereas the remaining N − n atoms in the level
jbi. For one of these states, each of N −n atoms being in the level jbi can be
excited to the level jai. So the state jA1q, Cnq i includes N(N−1)    (N−n)/n!
such possible states jb1   al    ci1    cin    bN i with the equal possibility.
The state jA1q, Cnq i has been normalized. The phase factor related to the
excited atom l being in level jai is exp[i(ks + q)zl], because the transition of
19
the level jai to the ground level jbi is connected with the signal eld of the
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njA1q , Cn−1q i,


















00jalihbljb1    ci1    cin    bN i









00jb1   al    ci1    cin    bN i




N    (N − n+ 1)
√
N    (N − n)
n!
jA1q , Cnq i
=
p
N − njA1q , Cnq i.
The two interactions induced by two elds in the interaction Hamiltonian
interfere destructively for the dark state. Using Eqs. (88) and (89), for the
20
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√







jn−m− 1ijA1q, Cmq i,
If we set index m! m+ 1 in Eq. (89), it is the exact same as Eq. (90) but
with an opposite sign. Therefore, one obtains
[gNa(q)ρab(q) + ΩNρac(0)]jDnq i = 0.C6 (91)
In result, for the exact resonant mode q = 0, the dark states jDnq=0i are the
eigenstates with the null eigenvalue of the interaction Hamiltonian (55). We
note that Eqs. (89) { (91) hold exactly for the exact expression of the dark
state (61). For the approximate expression of the dark state (62), Eqs. (89)
{ (91) are also satised as long N >> n.
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